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ON HOMOGENEOUS QUASIPOSITIVE LINKS
TETSUYA ITO
Abstract. We discuss when homogeneous quasipositive links are positive. In
particular, we show that a homogeneous diagram of a quasipositive link whose
number of Seifert circles is equal to the braid index is a positive diagram.
An n-braid is quasipositive if it is a product of conjugates of the standard gen-
erators σ1, σ2, . . . , σn−1. A link K in S
3 is
– quasipositive ifK can be represented by the closure of a quasipositive braid.
– positive if K can be represented by a positive diagram, a diagram without
negative crossing.
– homogeneous if K can be represented by a homogenous diagram (see [Cr]
for definition)
A homogenous diagram are common generalization of positive diagram and alter-
nating diagram, sharing various nice properties of such diagrams.
In [Ba1, Question (4)] Baader asked whether an alternating quasipositive link is
positive. He also posed a more general question, whether a homogenous quasiposi-
tive link is positive [Ba2, Problems (i)].
Recently, in [Or] Orevkov gave an affirmative answer to the first Baader’s ques-
tion for a class of alternating links which he call DHL link (Diao-Hertyi-Liu link);
An alternating link is DHL link if it has an alternating diagram whose number of
Seifert circles is equal to the braid index. In [DHL] Diao-Hertyi-Liu gave a simple
and clear characterization of such an alternating diagram; for an alternating dia-
gram D of a link K, the number of Seifert circles of D is equal to the braid index
of K if and only if is there is no pair of Seifert circles connected by a single crossing
[DHL].
In this note we discuss Baader’s second question, the positivity of homogenous
quasipositive links.
For a linkK let SL(K) be the maximal self-linking number and b(K) be the braid
index. For a link diagramD ofK, we denote by O(D) the number of Seifert circles of
D, and denote by c+(D), c−(D) the number of positive and negative crossings of D.
We define the self-linking number of diagramD by sl(D) = −O(D)+c+(D)−c−(D)
(this is the self-linking number of closed braid obtained from D by Vogel-Yamada
method [Vo, Ya]).
Theorem 1. Let D be a homogenous diagram of a quasipositive link K. If SL(K) =
sl(D), D is a positive diagram.
This generalizes Orevkov’s theorem for homogenous case;
Corollary 1. Let D be a homogenous diagram of a quasipositive link K. If O(D) =
b(K)1, then D is a positive diagram.
1In [HIK] we call a homogeneous link having such a homogeneous diagram strongly homoge-
neous
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Proof of Corollary 1. Following Vogel-Yamada method [Vo, Ya], one can convert
D into a closed O(D)-braid diagram βD without changing the writhe c+(D) −
c−(D). Since βD is a closed braid with minimum braid index, by generalized Jones’
conjecuture proven in [DP, LM], the closed braid βD viewed as a transverse link
attains the maximal self-linking number SL(K) hence SL(K) = sl(D). 
Proof of Theorem 1. In the following we assume that D is non-split, since to prove
the theorem it is sufficient to treat the case D is non-split.
Abe [Ab] showed that for a homogeneous non-split diagram D of K, the Ras-
sumussen invariant s(K) of K is given by2
s(K) = −O(D) + c+(D)− c−(D) + 2O+(D)− 1 = sl(D) + 2O+(D)− 1
where O+(D) is the number of connected components of D obtained by smoothing
all the negative crossings.
Since K is quasipositive, slice Bennequin inequality gives an equality hence
SL(K) = s(K)− 1 = −χ4(K).
Here χ4(K) the maximum euler characteristic of smooth oriented surface in B
4
whose boundary is K (see [Sh]). Therefore by our hypothesis sl(K) = sl(D), we
get O+(D) = 1. For a homogeneous non-split diagram D, O+(D) = 1 happens
only if c−(D) = 0. Therefore D is positive.

Actually our argument shows that a homogeneous diagram of a quasipositive
link should be close to a positive diagram in the following sense.
Theorem 2. Let D be a non-split homogeneous diagram of a quasipositive link K.
Then O(D) − b(K) ≥ O+(D)− 1 holds.
Proof. By generalized Jones’ conjecture proven in [DP, LM]
sl(D) ≥ SL(K)− 2(O(D)− b(K)).
Hence
sl(D) ≥ SL(K)− 2(O(D) − b(K))
= sl(D) + 2(O+(D)− 1)− 2(O(D)− b(K))

Unfortunately, in general it is not true that a homogeneous (alternating) link K
has a homogeneous (alternating) diagram D with SL(K) = sl(D) (see Remark 3
below).
To overcome the defect, we give a different class of homogeneous diagrams having
an affirmative answer to Baader’s question. In [MP] Murasugi-Prytycki gave an
refinement of famous Motron-Franks-Williams inequalities which we call the MP-
MFW inequalities ;
(1) min deg
v
PK(v, z) ≥ −O(D) + c+(D)− c−(D) + 2 ind−(D)
(2) maxdegv PK(v, z) ≤ O(D) + c+(D)− c−(D)− 2 ind+(D)
2We remark that the Rasmussen’s invariant s(K) is originally defeind for knots [Ra]. For link
case we use Beliakova-Wherli’s generalization of Rasmussen invariant for links [BW]. Although
[Ab] proves the formula only for knot case, his proof can be applied to link cases, as he noted and
mentioned in [AT] (if the diagram is non-split).
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(3) b(K) ≤ O(D) − ind(D)
Here PK(v, z) is the HOMFLY polynomial of K, and ind±(D), ind(D) are the
index of the Seifert graph of D (see [MP] for definitions). In particular, they proved
for a given knot diagram D of K one can find a diagram D′ of the same knot K so
that
sl(D′) = sl(D) + 2 ind−(D), O(D
′) = O(D)− ind−(D)
sl(D′) = sl(D), O(D′) = O(D)− ind+(D).
Moreover, when D is homogeneous ind(D) = ind−(D) + ind−(D) and there is a
diagram D′ such that
sl(D′) = sl(D) + 2 ind−(D), O(D
′) = O(D)− ind(D)
Remark 3. If D is a reduced alternating diagram of ind−(D) > 1, by (1) sl(D) =
SL(K) cannot happen. Since for a reduced alternating link K, the writhe of a
reduced alternating diagram is invariant of an alternating link, such a link does not
have an alternating diagram D with sl(D) = SL(K).
Using these results we give another class of homogenous links having an affirma-
tive answer to Baader’s question.
Theorem 4. Let D be an irreducible homogeneous diagram of a quasipositive link.
If sl(D) + 2 ind−(D) = SL(K), then D is positive.
Proof. As in Theorem 1, it is sufficient to treat the case D is non-split. Then by
quasipositivity SL(K) = sl(D) + 2(O+(D) − 1), we have ind−(D) = O+(D) − 1.
However, since D is irreducible this is possible only if ind−(D) = 0. This follows
from the following definitions, results, and observations:
• the Seifert graph Γ(D) is written as the ∗-product Γ(D1) ∗ Γ(D2) ∗ · · · ∗
Γ(Dn), where each diagram Di is a positive or negative special diagram.
Moreover, if D is reduced, no Di contains a vertex of valence one (definition
of homogeneous diagram [Cr]).
• ind±(D) =
∑n
i=1 ind±(Di), since Γ(Di) is bipartite [MP, Theorem 2.4].
• If D is connected, O+(D)− 1 =
∑
n
i=1(O+(Di)− 1) (follows from the defi-
nition of ∗-product).
• For a negative special diagram Di, ind−(Di) > O+(Di) − 1 whenever its
Seifert graph Γ(Di) has no vertices of valence one (follows from the defini-
tion of index).
Thus O+(D) = 1 and c− (D) = 0, as desired. 
In particular, we have the following.
Corollary 2. Let D be an irreducible homogeneous diagram of a quasipositive link.
If the MP-MFW inequality of the braid index (3) is sharp, then D is positive.
In [MP] it is conjectured that for an alternating diagram D, the MP-MFW
inequality of the braid index (3) is an equality. Our discussion so far shows that an
affirmative answer to Murasugi-Prytycki’s conjecture implies an affirmative answer
to Baader’s first question.
4 T.ITO
Acknowledgement
The author has been partially supported by JSPS KAKENHI Grant Number
19K03490,16H02145. He is grateful to Stepan Yu Orevkov for inspiring the study
of positivity of homogeneous quasipositive links.
References
[Ab] T. Abe, The Rasmussen invariant of a homogeneous knot, Proc. Amer. Math. Soc. 139
(2011), no. 7, 2647–2656.
[AT] T, Abe and K. Tagami, Characterization of positive links and the s-invariant for links.
Canad. J. Math. 69 (2017), no. 6, 1201–1218.
[Ba1] S, Baader, Slice and Gordian numbers of track knots. Osaka J. Math. 42 (2005), no. 1,
257–271.
[Ba2] S. Baader, Quasipositivity and homogeneity, Math. Proc. Cambridge Philos. Soc. 139
(2005), no. 2, 287–290.
[BW] A. Beliakova and S. Wherli Categorification of the colored Jones polynomial and Rasmussen
invariant of links, Canad. J. Math. 60 (2008), no. 6, 1240–1266.
[Cr] P. Cromwell, Homogeneous links. J. London Math. Soc. (2) 39 (1989), no. 3, 535–552.
[DHL] Y. Diao, G. Hetyei, and P. Liu, The braid index of reduced alternating links. Math. Proc.
Cambridge Philos. Soc. 168 (2020), no. 3, 415–434.
[DP] I, Dynnikov, and M. Prasolov, Bypasses for rectangular diagrams. A proof of the Jones
conjecture and related questions Trans. Moscow Math. Soc. 2013, 97–144
[HIK] J. Hamer, T. Ito, and K. Kawamuro, Positivities of knots and links and the defect of
Bennequin inequality, Experiment. Math. to appear.
[LM] D. LaFountain, and W. Menasco, Embedded annuli and Jones’ conjecture. Algebr. Geom.
Topol. 14 (2014), no. 6, 3589–3601.
[MP] K. Murasugi, and J. Przytycki, An index of a graph with applications to knot theory, Mem.
Amer. Math. Soc. 106 (1993), no. 508, x+101 pp.
[Or] S. Yu. Orevkov, On alternating quasipositive links, arXiv:2007.00093v1
[Ra] J. Rasmussen, Khovanov homology and the slice genus. Invent. Math. 182 (2010), no. 2,
419–447.
[Sh] A. Shumakovitch, Rasmussen invariant, slice-Bennequin inequality, and sliceness of knots.
J. Knot Theory Ramifications 16 (2007), no. 10, 1403–1412.
[Vo] P. Vogel, Representation of links by braids: a new algorithm. Comment. Math. Helv. 65
(1990), no. 1, 104–113.
[Ya] S. Yamada, The minimal number of Seifert circles equals the braid index of a link. Invent.
Math. 89 (1987), no. 2, 347–356.
Department of Mathematics, Kyoto University, Kyoto 606-8502, JAPAN
E-mail address: tetitoh@math.kyoto-u.ac.jp
